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Abstract. The evolution problem for a membrane based model of an electrostatically actuated 
microelectromechanical system (MEMS) is studied. The model describes the dynamics of the mem- 
brane displacement and the electric potential. The latter is a harmonic function in an angular do- 
main, the deformable membrane being a part of the boundary. The former solves a heat equation 
with a right hand side that depends on the square of the trace of the gradient of the electric po- 
tential on the membrane. The resulting free boundary problem is shown to be well-posed locally 
in time. Furthermore, solutions corresponding to small voltage values exist globally in time while 
global existence is shown not to hold for high voltage values. It is also proven that, for small voltage 
values, there is an asymptotically stable steady-state solution. Finally, the small aspect ratio limit is 
rigorously justified. 



1. Introduction 

An idealized electrostatically actuated microelectromechanical system (MEMS) consists of a 
rigid ground plate above which a thin and deformable elastic membrane is suspended that is 
held fixed along its boundary, see Figure [T] Applying a voltage difference between the two 
components induces displacements of the membrane and thus transforms electrostatic energy 
into mechanical energy, a feature that has applications in the design of transistors, switches, or 
micro-pumps, for instance. There is, however, an upper limit for the applied voltage potential 
beyond which the electrostatic force cannot be balanced by the elastic response of the membrane 
which then touches down on the rigid plate. This phenomenon is usually referred to as "pull- 
in" instability. Estimating this threshold value is an important issue in applications as it may 
be a desirable feature of the device in some situations (e.g. switches, micropumps) or possibly 
damage the device in others. Mathematical models have been set up for that purpose, and we 
refer the reader e.g. to l26l l27l l28l and the references therein for a more detailed account of the 
physical background and the modeling aspects of such devices. 

Denoting the displacement of the membrane and the electrostatic potential in the device by u 
and ip, respectively, we consider here the idealized situation where the applied voltage and the 
permittivity of the membrane are constant (normalized to one), and there is no variation in the 
horizontal direction orthogonal to the x-direction of both ip and u. Under appropriate scalings, 
the rigid ground plate is at z = — 1, and the undeflected membrane at z = is fixed at the 
boundary x = — 1 and X = 1 of the interval I := (—1,1), see Figured] Letting £ denote the aspect 
ratio of the device before scaling, i.e. the ratio of the undeformed gap size to the device length, 
the membrane displacement u = u(t,x) G ( — 1, oo) evolves according to 

d t u-d 2 x u = -A (e 2 \d x ip{t,x,u)\ 2 + \d z ip(t,x,u)\ 2 ^) , xel, t>Q, (1.1) 
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Figure 1. Idealized electrostatic MEMS device. 



with clamped boundary conditions 

u(t,±l)=0, t>0, (1.2) 

and initial condition 

m(0,x) = u°(x) , xel. (1.3) 
The dimensionless electrostatic potential ip = ip(t,x,z) satisfies Laplace's equation 

e 2 d 2 x ip + d 2 z ip = , (x,z) e n(«(t)) , f>0, (1.4) 

in the region 

0(w(f)) := {(X/Z) e J x (-l,oo) : -1 < z < u(t,x)} 
between the rigid ground plate at z = — 1 and the deflected membrane. The boundary conditions 
for rp are then 

ip(t,x,z) = 1+ f , {x,z) e dCt(u(t)) , t>0. (1.5) 

± ~~\~ Uit/X J 

Equation ^l.H corresponds to the situation in which viscous forces dominate over inertial 
forces in the system, e.g. see [6 27]. Also, deformations due to bending are neglected in lll.lt . 
Of particular importance in the model is the parameter A > which characterizes the rela- 
tive strengths of electrostatic and mechanical forces and is proportional to the applied voltage. 
According to the above discussion, the pull-in instability is expected to take place for A large 
enough. 

The analysis of il.lt - fl.5l turns out to be rather complex since fl.4t is a free boundary prob- 
lem: indeed, the domain between the rigid ground plate and the elastic membrane changes with 
time. Due to this, equations fl.lt an d fl.4t are strongly coupled. However, a common assump- 
tion made in mathematical analysis hitherto is a vanishing aspect ratio e that reduces the free 
boundary problem to a heat equation with a right hand side involving a singularity when the 
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membrane touches down on the ground plate. More precisely, setting e = allows one to solve 
lll.4t -l ll.5ll explicitly for the potential i/> = ipo, that is, 

ipo(t,x,z) = 1+Z (t,x,z) £ [0,oo) xlx (-1,0), (1.6) 

1 + UQ(t,X) 

where the displacement U = Uq now satisfies the so-called small aspect ratio model 

d t u - dlu = - 7 — — xel, fe(0,oo), 

U + "or ci 7 s ) 

u (t,±l) = o, f e (0,00), 

Mo(0,x) = H°(x), 16/. 

Several mathematical results have been obtained for i ll. 7t , including a characterization of the 
critical value of A which corresponds to the value beyond which no steady-state exists as well as 
a possible space dependence of the permittivity of the membrane, see, e.g., O |22l [23 for the 
stationary problem and O HH [l3l O [TBI E3 for the evolution problem. Inertial effects are 
taken into account in (T5lH9l . 

To the best of our knowledge, the first analytical research without assumption of a small 
aspect ratio and thus dedicated to the original free boundary problem Jl.lt - lll.5t is |2T1 , where 
the existence of steady-states has been established for small voltage values A and a non-existence 
result for steady-states is obtained for large values of A. 

Here, we address the evolution problem. A rough summary of our results reads as follows: 
We prove the local well-posedness of l H.lt - fll.5t for all voltage values and show that the solu- 
tions exist globally in time provided the voltage value is sufficiently small. In contrast to the 
stationary case |2T| it turns out that a W^( I) -setting is no longer suitable for the w-component 
of l(l.lll - lll.5t . This is due to the fact that the heat semigroup does not enjoy suitable properties 
in Loo (I)- Instead, we are therefore lead to work in the framework of IA^(J)-spaces for q < oo, 
which generates additional difficulties as now d^U may become unbounded. For small voltage 
values we further prove that there is a locally asymptotically stable steady-state. For high voltage 
values we prove that global existence of solutions does not hold. In addition, we analyze the 
behavior of the solutions as the small aspect ratio £ — > 0, showing convergence towards l ll.7t as 
expected from a formal analysis. 

To state precisely our results we introduce for q £ [2, oo) and k £ (0, 1) the set 

Sq(x) := (u e W^ D (^); H M llw 2 D (i) < 1/ K an d -1 + K < u(x) for x £ l\ , 

where Wfy(I) := {u e W^{I); u(±l) = 0} for 2a £ (l/q,2] and W^ D (I) := W^(I) for 
< 2a < 1/q. The local existence result now reads: 



Theorem 1.1 (Local Well-Posedness). Let q £ (2, oo), e > 0, and consider an initial value u° £ 



W? D (I) such that u°(x) > —lfor x £ L Then, the following are true: 



(i) For each voltage value A > 0, there is a unique maximal solution (u,xp) to (l.lfr -| |1.5t on the 
maximal interval of existence [0, Tf n ) in the sense that 

u £ c 1 ([o, r m ), n c([o, r m ), w 9 2 D (i)) 

satisfies <l.H -| |1.3t together with 

u{t,x) > -1 , (t,x) £ [0,T£) x I, 
and ip(t) £ W£(fl(M(f))) solves fL"4 fr - fL5) on Cl(u(t)) for each t £ [Q,T m ). 
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(ii) If for each r > there is k(t) 6 (0,1) such that u[t) £ S q {K{r)) for t £ [0,1*) n [0,t], then 
the solution exists globally, that is, Tf n = oo. 

(iii) Ifu°(x) < Ofor x £ I, then u{t,x) < for (t,x) £ [0,T £ m ) x I. If u° = u°(x) is even with 
respect to x £ I, then, for all t £ [0, T^), u = u(t, x) and \p = xp{t, x, z) are even with respect to 
x 6 Z as well. 

The proof of Theorem 11.11 is performed as follows. We first transform the Laplace equation 
1 11 .41 to a fixed rectangle which results in an elliptic boundary value problem with non-constant 
coefficients depending on u and its derivatives up to order 2. Solving this elliptic equation 
(for a given u) allows us to interpret the full free boundary problem as a nonlocal semilinear 
heat equation for u (see ( 12.51 1). We then employ a fixed point argument to solve this evolution 
problem. Since the nonlinearity in the M-equation depends on the trace of the gradient of the 
potential, two ingredients are essential: precise estimates based on the regularizing effects of the 
heat semigroup and elaborated investigations of the properties of the solution to the transformed 
elliptic problem. The proof is given in Section [2] 

We now address global existence issues. From a physical viewpoint a "pull-in" instability 
occurs for high voltage values. Accordingly, for large values of A solutions cease to exist globally 
while solutions corresponding to small A values exist globally in time. More precisely, we have: 

Theorem 1.2 (Global Existence). Let q £ (2,oo), e > 0, A > 0, and let u° £ W£ D (I) satisfy 

— 1 < u°(x) < for x £ I. Let (u,xp) be the corresponding solution to ( |l.H - il.5t on the maximal 
interval of existence [0, T^). 

(i) Given k £ (0, 1) there exists A* := A* (k, e) > and kq := kq (k, e) > such that Tf n = oo and 
u(t) £ Sq (kq) for t > provided that u° £ Sq(x) and A £ (0, A*). 

(ii) There is A* (e) > depending only on e such that T l m < oo provided A > A* (e). 

Note that part (i) of Theorem 11.21 provides uniform estimates on u in the W*(I) -norm and 
ensures that u never touches down on -1, not even in infinite time. Its proof is contained in 
Section [2] and it is a consequence of the above mentioned fixed point argument. The second 
part of Theorem [O] is proven in Section[3]by constructing a suitable strict Lyapunov functional. 
Let us mention that similar results as stated in Theorem 11.21 are known to hold for the small 
aspect ratio model il.7i , see [7. 9J. However, the nonlocal features of ( |l.H - <1.5t prevents one 
from using similar techniques and we thus have to develop an alternative approach. Also, there 
is a qualitative difference of the interpretation of the finiteness of Tf n in Theorem ll.2f ii). Indeed, 
according to Theorem 11.11 T„ < oo implies that the W^(I) -norm of u blows up or u touches 
down on —1 in finite time. This is in clear contrast to the small aspect ratio model \\.7) for 
which touchdown is the only mechanism for a finite time singularity. The difference stems 
from the fact that in \1.7\ the nonlinearity is of zero order while for the free boundary problem 
l |l.lH1.5t the nonlocal nonlinearity is rather of order "3/2" in the L,j-sense (see Proposition [27T). 
Nevertheless, we strongly believe that finite time touchdown occurs in the present model as well 
when Tf n is finite. 

We next turn to stability of steady-states. This is a delicate issue since it is expected in analogy 
to what is known for the small aspect ratio model Il5l l27l that there are two steady states for small 
A values. In [21 J it was shown that there is at least one steady-state to ^l.lMl-5t for small values 
of A (and none for large A). We shall refine this result here and prove that, provided A is small, 
this steady-state is unique with a first component in the set Sq(x) and locally asymptotically 
stable. 

Theorem 1.3 (Asymptotic Stability). Let q £ (2,oo), e > 0, and k £ (0,1). 
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(i) There are 5 = 5(k) > and an analytic function [A i— > U\] : [0,5) — > W^ D (I) swc/z £w«f 
(JJa/^a) is for each A £ (0, 5) the unique steady-state to ( jl.lMl.5fr iwz'tfz G S^(k) and 

£ W| (n(LI / \.)). Moreover, U\ is negative, convex, and even for A £ (0,5) and Uo = 0. 

(ii) Let A £ (0,5). There are coo,r,R > such that for each initial value u° £ W^ D (I) with 

\\u° — Ux\\ W 2 < r, the solution (u, \p) to lll.lMl.5ll exists globally in time and 

IKO " ^aII W 2 d (i) + W d Mt)\\ Lq{I) < Re^\\u° - U a \\ W 2 d{i) , f > . (1.8) 

The first part of Theorem |1.3| is a consequence of the Implicit Function Theorem while the sec- 
ond part follows from the Principle of Linearized Stability, and the proofs are given in Section|4] 
We shall point out that Theorem 11 .31 provides uniqueness of steady-states with first components 
in Sq(x) for fixed A small. A result in this spirit is also shown in JH1 Thm.5.6]. But, as pointed out 
before, for the small aspect ratio model dl.7fr it is known that below the critical threshold there 
are exactly two steady-states. If this would turn out to be true for the free boundary problem as 
well, that is, if there would be another smooth branch of steady-states emanating from A = 0, 
say, V\ ^ U\, then the fact that Sq(K\) C S^k^) for < %2 < K\ < 1 would imply that 5(k) \ 
as k \j in Theorem II. 31 Obviously, V\ <£ S^(k) for A < 5(k) and thus, as A \ 0, the minimum 
of V\ has to approach —1 or the W^-norm of V\ has to blow upQ. 

We also note that ip converges exponentially to in the W|-norm as t — > oo, see Corollary l4.ll 
for a precise statement. Finally, both components of the steady-state enjoy more regularity than 
stated, see l2ll Cor. 10]. 

More insight in the connection between the free boundary model and its small aspect ratio 
limit is offered in the next theorem. Indeed, we show that the solution (u,\p) = (u £ ,ipe) to (jl.lll - 
dl.5t provided by Theorem 11.11 converges to the solution (uq, ipo) of the small aspect ratio model 
fll.6l l, ljl.7t as £ — » 0. This gives a rigorous justification of the formal derivation. 

Theorem 1.4 (Small Aspect Ratio Limit). Let A > 0, q £ (2,oo), ;c £ (0,1), and let u° £ S ? (k) 
with u°(x) < for x £ I. For e > let (u c ,ip £ ) be the unique solution to (jl.lfr - dl.5fr on the maximal 
interval of existence [0, T„). There are r > 0, £o > 0, and kq £ (0, 1) depending only on q and k such 
that Tf v > Tandu E (t) £ S^(ko) for all (t,e) £ [0,t] x (0,£o). Moreover, the small aspect ratio equation 
(11.71 has a unique solution 

u £ C 1 ([0,T],L (? (7))nC([0,T],w2 D (Z)) 
satisfying u$(t) £ S ? (kq) for all t £ [0, t] and such that the convergences 

u,^u in C^ e ([0,T},Wf(I)) , 0<9<1, 

and 

<Mf)ln(» £ (f)) — »• Mt)Mu (t)) in L 2 (Jx(-l,0)), f£[0,r], (1.9) 
hold as e — > 0, where tpQ is the potential given in (jl.6l l. Furthermore, there is A(k) > such that the 
results above hold true for each r > provided that A £ (0, A(k)). 

A similar result has been established for the stationary problem in ||2TI Theorem 2] and the 
proof of Theorem ll.4l is performed along the same lines provided one ensures an £-independent 
lower bound t > on T^. In addition, in El we took advantage of the fact that a W^,(7)-bound 
is available for solutions to the stationary problem. We refine the arguments here by showing 
that a W?(I) -bound is sufficient for q > 2. 



For the case of the small aspect ratio model, Va approaches the V-shaped function x i — y \x\ — 1 as A \ 0. 
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2. Local and Global Well-Posedness: Proof of Theorem 1 1.1 1 and Theorem II. 2f i) 

The starting point for the proof of Theorem 11.11 is to transform the free boundary problem 
dl.4t - jl.5b to the fixed rectangle O := I x (0,1). More precisely, let q > 2 be fixed and consider 
an arbitrary function v £ W^d(T') taking values in ( — l,oo). We then define a diffeomorphism 

T v := Cl(v) — > O by setting 



T v (x,z) : = ( x,- 



v{x) 



(x,z) 6 Cl(v) 



with Ci(v) = {(x,z) £ I x ( — l,oo) ; — 1 < z < Clearly, its inverse is 

T~ l (x,n) = (x,(l + v{x))rj-l) , (qjefi, 
and the Laplace operator is transformed to the independent differential operator 



(2.1) 



(2.2) 



r 2 <i o 2 dxv(x) 

L v w := e dr.iv — 2e n - -r 1 ^ 

x 1 l + v(x) 

d x v(x) 



d x d„zv 



l + e l ^{d x v{x)Y 2 



2 

£ t] 



n ' {l + v{x)Y 
d 2 x v(x) 



d v zo 



1 + v(x) J 1 + v(x) 



dfjW . 



The boundary value problem dl.4t -l ll.5l l is then obviously equivalent to 

\{t,x,rj) =0, (x,tj)eQ, t>0, 



C 



u(t) 



(p(t,x,t]) = n , (x,t])EdCl, t>0, 



for <p = ip o T^A. With this notation, the evolution equation dl.lt for u becomes 



dtu — 



(1 + U)2 



xel, f > 0, 



(2.3) 
(2.4) 



(2.5) 



after noticing that we have d x (p(t, x, 1) = for x £ J and f > due to <£>(£, x, 1) = 1 by j2.4[) . To 
set the stage for the proof of Theorem 1 1.1 1 we first observe: 

Proposition 2.1. Let k £ (0, 1) and e > 0. For eacfr p £ S ? (k) t/iere is a unique solution <p v £ W| (O) 
to 



(£ v (p v ){x,n) = 0, (x,n)<ECl, 
<t>v(x,t]) = rj , {x,n) £ 3Q 



(2.6) 
(2.7) 



In addition, defining v by v(x) := v(—x) for x £ J, zwe /wee <p0(x,t]) = (p v {—x,rj) for (x,n) £ fi. 
Moreover, for 2o~ £ [0, 1/2), ifte mapping 

g E : S,(x) -»■ Wf£(I) , * —> ^^T" l^^-' 1 )! 2 
zs analytic, globally Lipschitz continuous, and bounded with g £ (0) = 1. 

The proof of Proposition 12.11 shares some common steps with that of |21~1 Lem. 5 & 6], but 
requires further developments, in particular establishing the Lipschitz continuity of g £ which 
was not needed in [21 J. We first derive suitable properties of the operator C v for v in the closure 



S q ( K ) = | « £ W£ D (I); ll"ll W 2 D W < !/ K 
of S^(k), which we gather in the next lemma. 



and 



1 + k < u(x) for x £ I 
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Lemma 2.2. Let k G (0,1) and e > 0. For each v G S^(k) and F 6 1,2(0), tftere zs a unique solution 
<& G W| D (0) to the boundary value problem 

- £ z ,cD = F in n , (2.8) 

0=0 0«3O. (2.9) 
Moreover, there is a constant c\(k,e) > depending only on q, k, and e such that 

11*11*2(0 <ci(ic,e) ||F||L 2 (n)- (2-10) 

Proof. First note that the definition of S<j(k) and Sobolev's embedding theorem guarantee the 
existence of some constant Cq > depending only on q such that, for v G S^(k), 

1+t>(x)>jc, xGl, and \\v || c i([-i,i]) < — • ( 2 - n ) 

It follows from the proof of El Lem. 5] that, due to ( |2.1H . the operator — C v is elliptic with 
ellipticity constant v(k,e) > being independent of v G Sq(x). Moreover, writing — C v in 
divergence form, 

—C v w = — d x (a n (v) d x w + a\2(v) d^w) — d, } (a 2 \{v) d x w + a 22 (v) d v zv) 
+ b\(v) d x w + b 2 {v) d v w , 



with 



a n (v) := e, a 22 (v) : = M [ J, 2 



fli2(p) := -e V i^Ha ' a 21 {v) := a 12 (v) , 

, . 2 d x v(x) . . 2 ( d x v(x) 

bi(v) :=r \ \ , b 2 (v) := -r rj 1 



l + v(x) w ' Vl + U (^) 

we see from ||2.11| | and the definition of Sq(x) that 

2 2 

E K/MHwiffl) + E IMtfL^O) < c 2(k,£) (2.12) 
i,j=l 1 (=1 

for all i> G Sq(K). Moreover, the embedding of W*(J) in C([— 1, 1]) ensures that a,y(i>) belongs to 
C(O) for 1 < < 2 and v G S (? (k). It then follows from flu] Fhm. 8.3] that, given v G S (? (k) and 
F G L2(0), the boundary value problem (|2.8b - ll2.9b has a unique weak solution <3> G Wir^O). 
Furthermore, the regularity of <J> and ||2.12| | ensure that G := F — &i(f) d x <3> — b 2 (v) 8, 7 <J> belongs 
to L2(Q), and we are in a position to apply [20. Chapt. 3, Thm. 9.1] to conclude that O is actually 
the unique solution in W| D (0) to the boundary value problem 

-£°<I> = G in O , <J> = on 30 , 
where L% denotes the principal part of the operator C v , that is, 

-L%w := -d x (an(v) d x w + a 12 (v) d y w) - d tJ (a 21 (v) d x w + a 22 {v) d^w) . 

In addition, it follows from l20l Chapt. 3, Thm. 10.1] that there is a constant c$(K,e) > depend- 
ing only on q, k, and £ such that 



\<P 



| W | (n) < c 3 (k ;£ ) (||0|| L2( n) + l|G|| L2( n)) 
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Combining the previous inequality with ([2.121 1 and the inequality 



||3**| 



L 2 (n) 



||a„*| 



1.2 (n) 



U (a?.o + a 2 <i>) d(x, v ) < s> \m 2 wm + ^ ll<f|li« 



which is valid for all 5 > 0, we are led to 



1*11 Wf(O) ^ C 3( K ' £ ) 

< c 3 (x,e) 



1*1 



L 2 (n) 



l F lk 2 (0) + C2(K,£) (||3.v < l>||L 2 (n) 



l*llza(n) + llf lliaco) +2c 2 (K,e) ||*|| W | (n) + ^ 
whence, after choosing S sufficiently small, 

\MwUn)< c i( K ' £ ) (ll*llL 2 (n) + ll-F|k 2 (n)) • 



ll^<J>|| L2 (n) 
1 



4> 



k 2 (n) 



(2.13) 



We finally prove | |2.10| | and argue as in the proof of 1 101 Lemma 9.17]. Assume for contradiction 
that ( 12. lOt is not true. Then, for each n > 1, there are v n e S i? (k), 0„ e W| D (Q), <!>„ ^ 0, and 
F n G L 2 (0) such that 



jC^^Ojj = F„ in fi and 



Wf(f>) 



> n 



F„ 



L 2 (n) 



(2.14) 



Setting 0„ := cj>„/ 



and 



L 2 (0) 

ll $ "llL 2 (n) 



and F n := F n / 



<J>„ 



L 2 (n) 



, we realize that J2. 13b and l|2.14|l imply 



f n in fl, 
1 , 



o„ g wf D (n), 



(2.15) 
(2.16) 



n||f«llL 2 (n) < ll*n|| w |(n) < c 4(k,e) (||<Mi. 2 (n) 
Consequently, we have for n > 2c±(k,z), 



|F„| 



L 2 (n) 



= C 4 (K,e) (l + ||Fn||Lj 



(O) 



"ll F «llL 2 (n) < 2c 4 (K,e) and ||<E>n|| W 2 (n) < (1 + -J c 4 (jc,e) 



(2.17) 



Since W|(D) and W 2 (J) are compactly embedded in W^O) and C 1 ([— 1, 1]), respectively, we 
infer from l|2.17|l and the boundedness of S 9 (jc) in W 2 (f) that there are (<E>,fl) G W| D (0) x 
W^ D (7) and a subsequence of (<£>„, f n )„ (not relabeled) such that 

(*»,*«) ^(<M in W 2 2 D (Q) x W 2 D (7) , (2.18) 

(®n,Vn) — > (*,*) in X C^-l, 1]) • (2.19) 
It readily follows from [[2.181 and (12.191 1 that v G S ? (k) and 

(« f y(i>„)A(0) — > (fly(p),&i(*)) in C([-l,l]) (2.20) 

for all 1 < I,;' < 2. Since F n — > in L 2 (Q) by ( |2"l7t , the convergences ( I2.18|l , 1)2. 191 , and ( 12.20b 
allow us to pass to the limit as n — » oo in the weak formulation of ( I2.15|l and conclude that 
<J> G W2 D (0) is a weak solution to — C v $? = in O. Using again flOl Thm. 8.3], this implies 
O = contradicting H^H^^ = 1 as follows from ( 12.16b and | |2.19|| . □ 

Proof of Proposition ^. 11 For v G So(k) and (x,rj) G O, we set 

2 dl 



fv[x,rj) := £ 7/ = £ r\ 



1 + v(x) 



-Mx) 



v[x) 
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Since q > 2, the function f v belongs to 1*2(0) with 

ll/»llza(0) ^ c 5 { K ,e) , 
and Lemma [2.21 ensures that there is a unique solution <J> Z , 6 W| D (0) to 



satisfying 



- C V <S> V = f v in O , 
O =0 on 30 , 

l«Mwf(n) < ci(K,e) ||/ || L2 (n) • 



(2.21) 

(2.22) 
(2.23) 

(2.24) 



Letting <p v (x,t]) = <^> v (x,tj) + rj for {x,rj) e O, the function <p v obviously solves (12.6b - ll2.7b , and 
from (|2.21b and (12.24b we obtain 



||<Mwf(n) ^ C (>( K > 1 



(2.25) 



In addition, if v £ S c? (k) and v denotes the function defined by v(x) := v(—x) for x 6 J, we 
obviously have v £ Sq(x) and the properties of Ca ensure that (x, tj) 1 — > tp v (—x,t]) solves l|2.22|l - 
l|2.23b with v instead of V. The uniqueness of the solution to l|2.22|l - l|2.23b then readily implies 
that <p$(x,rj) = (p v (—x,rj) for (x,rj) 6 O and thus that 

ge(v){x) =g e {v)(-x), xel. (2.26) 

Next, given v 6 S 1? (k), we define a bounded linear operator A(v) 6 £(W| D (0), 12(0)) by 

A(v)<$> := -£ v <t> , O e W| D (0) . 

Lemma [2721 guarantees that ^4(f) is invertible with inverse „4(i<) _1 6 £(L2(0), W| D (0)) satis- 
fying 



Aiv)- 1 



< ci(K,e) . 



(2.27) 



£(L 2 (n),wf iD (n)) 

We then note that 

\\Afa) -A{v 2 )\\ c{W 2 D(n)Mn)) < c 7 {k,s) \\vx-v 2 \\yq w , v lr v 2 £ S q ( K ) , (2.28) 
which follows from the definition of C v and the continuity of pointwise multiplication 

except for the terms involving d^Vi, i = 1,2, where continuity of pointwise multiplication 

L ( ,(0)-W 2 1 (0)^L 2 (0) 
is used. Now, for V\,v 2 6 Sq(K), we infer from (|2.27) l and (|2.28b that 

l£(t 2 (n),W| D (n)) 



II^Pl)- 1 -^^)- 1 



< 



£(L 2( n),w| D (n)) ll-^^)-^) 11^(0)^(0)) ^2, 
<ci(k,e) 2 c 7 (k,£) 11^ - t7 2 [| W 2 (J) , 
which, combined with d2.21|) , the observation that 6 Sq(k) and 

\\M -/f 2 lli. 2 (o) < c 8 (»c,e) ||oi-t>2|lw«(D ' v i* v 2 e S 9 (k) , 



-1 



£(L 2 (n),wf D (n)) 
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ensures that 

life -fell wf(n) = ~®V2 II wf(n) = ^(^i) -1 ^! --4(^) _ %llw 2 2 D (n) 

< ^(^e) 2 c 7 (K,e) bi-^2|| W |(j) IIAlliafn) 

+ c 8 (K,e) ||»i-^2|| W 2(i) P( z; 2) _1 ||£ ( L 2 (n) / w2 D (n)) 

< c 9 (k,£) — w 2 ||pv| (I) (2-29) 

for v\, Vi G S 9 (k). We may then invoke |24l Chapt. 2, Thm. 5.4] and the continuity of pointwise 
multiplication 

wl /2 {i) ■ W 2 1/2 (J) w 2cri (i) 

for 2(7^ < 1/2 according to [1. Thm. 4.1] to conclude that the mapping 

S q ( K ) -> W 2cri (i) , t> ' ^ |3^(-,1)| 2 (2.30) 

is globally Lipschitz continuous. Thanks to the continuity of the embedding of W 2 (I) in W^(I), 
the mapping 

S,(k)->WJ(I), v^ 1+ { fj d $ 2 (2-31) 

is globally Lipschitz continuous with a Lipschitz constant depending only on k and e, and 
the Lipschitz continuity of g £ stated in Proposition 12.11 follows at once from (|2.30t , ([2.31l l, and 
continuity of pointwise multiplication 

■ W^(I) ^ Wf (I) = Wf D (Z) , 

where 2a < 2a\ < 1/2, see again (TJ Thm. 4.1]. Finally to prove that g £ is analytic, we note 
that S 9 (k) is open in W 2 D (i) and that the mappings A : S ? (k) -> £(^^(0), L 2 (0)) and 

[p i — ^ f v ] : Sq{x) — > L2(fl) are analytic. The analyticity of the inversion map £ i— >• £ _1 for 
bounded operators implies that also the mapping [p i— > fe : Sq(ic) — > W|(n) is analytic, and the 
assertion follows as above from the results on pointwise multiplication . □ 

Let p G (l,co). We define A p G £(W 2 D (J), L p (J)) by A p z; := -3 2 z; for p G W 2 D (i). Since 
A r c Ap for r > p, we suppress the subscript in the following and write A := Ap. Note then 
that l|2.5b subject to the boundary condition il.2} and the initial condition i ll. 31 may be recast as 
an abstract parameter-dependent Cauchy problem 

u + Au = -\g e (u) , t > , «(0) = u° , (2.32) 

where we recall that the function g e was defined in Proposition 12.11 To prove Theorem 11.11 it 
then suffices to focus on | |2.32| |. For that purpose, let {e~ tA ; t > 0} denote the heat semigroup 
on Lp(I) corresponding to —A. In order to state suitable regularizing properties we recall that 

we have set W^ D (I) = W^(I) for 2f, G (0,1/p) and W^ D (I) = {u G WJ^(I) ; tt(±l) = 0} for 
2/3 G (l/p,2]. Then we have: 

Lemma 2.3. Lef 1 < p < r < oo. Tfere ex/sfs a; > such that the following hold. 
(i) J/0 < a < f> < 1 arif/z 2a,2^ 7^ 1/p, f/zen 

for some number M > 1 depending on p, a, and /5. 
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(ii) I/0<a</5<l with 2a ^ 1/p and 2f> ^ 1/r, then 

for some number M > 1 defending on p, r, a, and f>. 

Proof, (i) Since —A E £(W^ D (Z),L p (7)) is the generator of the analytic semigroup {e~ tA ; t > 0} 
on L„(7) with a negative spectral bound, it follows from (3} Chapt. V, Thm.2.1.3] that there are 
co > and M > 1 such that 

\\e- tA \\c{B^)<Me-^-K t>0, 

where, for 6 E [0,1], Eg := (Lp(I), D (I))e with (■, -) e chosen as real interpolation functor 
(•, -)g r p if 28 ^ 1 and as complex interpolation functor [■, -]i/2 if 20 = 1. Since = W^ d D (I) with 
equivalent norms for 29 E [0,2] \ {1/p} by |TlJ|29), assertion (i) follows. 

(ii) From Sobolev's embedding we have W^ D (I) ^ W^ e D (I) for 26 = 2- (1/p - 1/r) 7^ 1/r, 
whence 

l |e "£(w^(i),w^(i)) - c||e 2 ^(w^f/^f/)) H e 2 ll£(w p 2 ;y/),w2 D (i))' t>0 > 

and so assertion (ii) follows from (i). □ 

We are now in a position to prove Theorem 11.11 and Theorem 1 1.2 IT ). 

Proof of Theorem 11.11 and Theorem ll.2[ i). Let A > 0, q E (2, 00), e > 0, and consider u° E 
W£ D (J) with u°(x) > -1 for x E I. Clearly, there is k e (0,1/2) such that 

u° ES q (2K) . (2.33) 
We now fix \ — ^ < 2a < \ with 2a 7^ 1/q and put k := k/M, where M > 1 is such that 

II^^^II^CW-^CO) *~"^ 1H "^ ( ^ _ ^ ) II^^^H.c^w-- <z),w- dCJ )) < ^T^-^ f , t >0 (2.34) 
with a; > according to Lemma [231 By Proposition 12. 1 1 there is c\q{k, e) > such that 

llfrfai) -gefaOII w 2 2 -(i) ^ c ioO,e) ||t?i -» 2 |lw 2 D (7) ' V 1 ,V 2 ES q (K ) . (2.35) 
Since 6 Scj(kq) and g £ (0) = 1, we deduce from ([2.351 that 

\\ge(v)\\ W 2, iI) <l+ C -^^- = c n ( Kr e), vES q (K ). (2.36) 
Now, for t > 0, define V T := C([0, t], S 9 (k )) and 

F(o)(t) := e- fA u° - X j\-^ A g E (v(s)) ds 
for < t < r and 6 V T - Consider c^, U2 E V T and f 6 [0, t]. Then, introducing 

J( T ) := / T e^ s s (7 " 1 "2 ( 2-?' ds < J(oo) := f° e- ws s^'^H 1 ds , (2.37) 
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which is finite thanks to the positivity of to and the choice of c, it readily follows from | |2.33l l, 
4234) , and jZ36t that 

l|f(^)(Ollw^(i)< M ll M °llw^(i)+ AM Jo e ^ {t ~ S) (t-s)'- 1 - 1 *^ k e (^i(s))|| W 2, (I) d s 
M 

< — +AMcn(K,e) J(t), (2.38) 
and from J2.34|l and ( f2T35t that 

||F( Pl )(0 - F(z; 2 )(0|| W 2 dW < A M c 10 (k, £ ) X(t) - i> 2 || C ([o,t],w£ d (I)) • ( 2 - 39 ) 

Moreover, since W 2 D (J) embeds in Loo (I) with embedding constant 2 and u° > 2k — 1, we 
deduce from the positivity of the heat semigroup, (12. 341 , and 1)2, 36b that 

F(^)(0>-1 + 2k-2A f e-^ A g e {v x {s)) 



ds 

ds 



>_ 1 + 2 k-2AM f o e-^s) ( f _ 5 )^-H(M) ^(^(s))!!^, 

>- 1 + 2k-2A Men (jc,e) X(t) . (2.40) 

We finally note that F(o 1 )(f) < if u° < since geOi) > 0. Consequently, due to j238t - dZ10t 
and the fact that X(t) — > as T — > 0, there is tq := Tq(A, k, e, <j, - ) > sufficiently small such that 
F defines a contraction from W into itself. This shows that there is a unique maximal solution 

u £ C^O,^),!^!)) nC([0,7^),Wj /D (J)) H C((0, T^, Wf + 2cr (f)) 

to d2.32b for some £ (tq, oo], satisfying 

u(t,x)>-l, (t,x) £ [0, T^) x I , 

and, in addition, 

w(f,x)<0, (u)e [0,T^)xI if u°(x)<0, xei. 

Moreover, if for each t > there is jc(t) £ (0, 1) such that u(t) £ S ? (k(t)) for f £ [0, T^) n [0, t], 
then necessarily = oo. This proves the statements (i) and (ii) of Theorem 11.11 after observing 
that ip(t) := <f> u ^ o T u{t) belongs to W^(Cl(u(t))) and solves CC1-CL3 for each f £ [0, 7* ), where 
the transformation T u was introduced in l|2.1) l. 

As for the statement (i) of Theorem 11.21 we choose A* := A*(?c,e, cr) > such that (recall 

l l 

A* M max{cio(K,e),c n (K,e)}I(oo) < - < — 

and 

2 A* Mc u (x,£) < k . 

Letting A < A* , it readily follows that, for each t > 0, the mapping F defines a contraction from 
C([0, t], S (? (k )) into itself. This implies that Tf n = oo in this case and that u(t) £ Sq(K ) for t > 0. 

To prove statement (iv) of Theorem 11.11 suppose that w° is even on J and let u be the corre- 
sponding maximal solution to (|2.32l l with maximal existence time Tf n £ (0, oo] . Introducing the 
function u defined by u{t,x) = u(t,—x) for (t,x) £ [0, T^ ( ) x I, we deduce from Proposition 12.11 
and the evenness of u° that ii also solves 112.32b , so that u actually coincides with u. Thus u(t, .) 
is even on I for all f £ [0, T^) and the proof of Theorem II .11 is complete. □ 

We end this section with some useful properties of the component ip of solutions to ^l.H -( |1.5l . 
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Proposition 2.4. Let q 6 (2, oo), e > 0, A > 0, and consider an initial value u° E W 2 D (7) swdz ffrat 

u°(x) > —1 for x E L Denoting the corresponding maximal solution to jl.lb - dl.5l l by (u,ip), we have 
for all t £ [0,7*) 

1 + z - max (u°) <ip(t,x,z) < 1, (x,z) E Cl(u(t)) , (2.41) 
d z ip(t,x,u(t,x)) >0, xel, (2.42) 
d x ip(t,x,u(t,x)) = -d x u(t,x) d z ip(t,x,u(t,x)) , xeI. (2.43) 

Proof. It readily follows from the positivity of A that the constant max (uq) + is a supersolution 
to Jl.H - dl.3l . so that u < max(i(o) + in [0,7^) x [—1,1]. This property entails that (x,z) i — ► 
1 + z — max (m°) is a subsolution to dl.4t - Jll.5t and the comparison principle gives the lower 
bound in J2.41b . The upper bound in d2.41l l also follows from the comparison principle as the 
constant 1 is clearly a supersolution to Jl.4t - Jl.5b . This implies in particular that tp(t) reaches its 
maximum value on the graph of u(t) and thus that d2.42t holds true. Finally, J2.431 is an obvious 
consequence of J1.51 . □ 

3. On Nonexistence of Global Solutions: Proof of Theorem II. 2f ii) 

We now prove that there are no global solutions for large A values as stated in Theorem II. 2f ii) 
(note that part (i) of this theorem was shown in the previous section). For this we first need some 
preparations. Let q E (2, oo), £ > 0, A > 0, and consider an initial value u° E W 2 D (Z) such that 

— 1 < U°(x) < for x E I. By Theorem ll.il there is a unique solution (u,ip) to Jl.lb - dl.5b defined 
on the maximal interval of existence [0, T^) for some Tf n E (0, oo] and satysfying 

u E C\[0,T e m ),L q (I))nC{[0,r m ),Wl D (I)) 

together with 

-\<u(t,x)<0, (t, x) € [0, Tfn) X I , (3.1) 
and ip(t) E W%(Cl(u(t))) solves (|L4) -Jl3ll on Q,(u(t)) for each t E [Q,T £ m ). Our aim is to show 
that, if A is sufficiently large, the maximal existence time Tf v is finite. To this end, define £j (x) : = 
7rcos (7rx/2)/4 for x E [—1,1] and U\ := 7r 2 /4. Then, U\ is the principal eigenvalue of the 
1*2(7) -realization of —d x and 

-3&l = pi£l in I , ^(±1)=0, ||Ci!lt l( i)=l. (3.2) 

A classical technique to show that solutions only exist on a finite time interval is to study the 
evolution of 

E (f) := f_ b(x) u{t,x) dx, tE [0,T £ m ) , 

and show that Eo reaches —1 in finite time, a feature contradicting d3.lt . Such an approach has 
been used successfully for the small aspect ratio model dl.7t [171 and the stationary version 
of Jl.lt - Jl.5t 1221, the proof of the latter relying also heavily on the convexity of u. But, such a 
convexity property is not known for the evolution problem dl.lb - fi"3t (neither it is for J1.7b ) and 
studying the time evolution of Eg does not seem to work. However, as we shall see below, the 
study of the time evolution of 

E„ (0 := J X _ £1 (x) (u + I w 2 ) (f, x) dx , tE [0, TfJ , (3.3) 

for a suitable choice of a 6 (0, 1) leads us to the expected result. Performing that study requires 
to connect the behavior of ip to that of u and we devote the next two results to this issue. We first 
start with an easy consequence of the boundary conditions J1.5t - 
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Lemma 3.1. For t G [0, T^) and p G [l/ 00 )/ we have 



T^TW L iMh dx * p L [u(t)) ^ x) ^ x ' zy ~ 1 W>*>*)\ 2 d ^ ■ < 3 - 4 > 

Proof. For (t,x) G [0, T^) x I and p G [1, oo), it follows from jl.5i and the Cauchy-Schwarz 
inequality that 



1 =ip(t,x,u(t,x)) { r +1 1 /2 - ip(t,x,-l) { P +1 1 /2 
= £yi J^' X \{t,x,z)^ /2 d^{t,x,z) Az 



< 



p + l ( M*'*) 



*(t,x) . . \ 1/2 / 

ip{t,X,Zy~ l \d z ^{t,X,z)\ 2 Az\ y]\ + u(t,x), 



hence 

^ TT ^ y < j^w.x.zy-* \ dMt/XrZ) \2 dz . 

Owing to the nonnegativity of £i, the estimate (13 .4D follows from the above inequality after 
multiplying both sides by p£i(x) and integrating over J with respect to x. □ 



The next lemma is a consequence of I |1.4b - fl3t . 
Lemma 3.2. For t £ [0, T^) and p G [l, 00 ), k>£ have 

(l + e 2 |3 x i£(f,x)| 2 ) 3 z ^(t,x,i*(t,ac)) dac 

Ml £ 2 Z" 1 

y ^ u(f,x) dx . 



n(u(t)) 



Fie 



p + l 

2 /•! 



(t,x,z) d(x,z) 



(p + l)(p + 2) p + l 



(3.5) 



Proof. We multiply (|1.4b by £j and integrate over O(w). Integrating by parts and using the 
boundary conditions for and £i and l!2.43ll , we obtain 



0(«) 
1 



|2 , „2 



p-1 



+ y -e 9-ch(x) 9 x i^(x,m(x)) + d z ip{x,u(x)) 



dx 



Ci U 2 l^| 2 + |3z^| 2 l d(x,z)--±- 
n(«) l j p + l Jci(u) 



Ci(x) [1 + e 2 \d x u(x)\ 2 ) d z ip(x, u(x)) dx 



d x & d x d(x,z) 
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Since 



3*Ci dx h p+1 ) d(x,z) = / 3fo ip v+1 d{x,z) 
n(u) v f Jci(u) 



+ (3^ 1 (_1)_ 3,^(1)) J\ 1 + Z y+^ dz 
+ y 9 z m(x) dx 

- Fl / ( 1 f +1 d(i,z) + -^--/ 1 ^ lWM ( l)dl 

JCl(u) pti 7—1 



/'l 



& ^ +1 d(x,z) + -^- + ? / 1 /* &(x)u(*) d* 
p + 2 j-i 



/n(«) p + 2 

by 111. 51 and (|3.2t , we end up with d3.5b . □ 

Proof of Theorem 11.21 (ii). Let a 6 (0,1) to be determined later. We first note that 1)3. lb implies 
that the function E a , defined in l|3.3t , satisfies 



-l<^<£ a (0<0, te[0,T £ m ). (3.6) 

We next multiply il.lt by £i (1 + oc u), integrate over I and use l|3.2t and l|2.43t to obtain 
dF rl fl 



— ^- + f<iE a + a / ^ |3 I H| / di= / _^i(l + «u) (3 f M-3 2 ii)dx 



-A 



£CiW (1 + «W) (l+e 2 |9x"W| 2 ) |3 z ^(x /M (x))| 2 dx. 



—^ + u 1 E a + a l x \d x u\ 2 dx < -A(l -a) ft (3.7) 

J-i 



with 



Since £i(x) > and 1 + a u(x) > 1 — a by (|3.1t , we further obtain 

IE, 
df 

ft(f) := J fa(x) (l + e 2 \d x u(t,x)\ 2 ^) \d z ip(t,x,u(t,x))\ z dx , fe[0,T, £ n ). 

We now look for a lower bound for 1Z. To this end we observe that 1Z reminds of the left-hand 
side of | |3.5t while 03. 4t provides a lower bound of the right-hand side of | |3.5t . More precisely, 
let j6 > and p > 1 be two positive real numbers to be determined later. It follows from Young's 
inequality that 



£i(x) ^1 + £ 2 |8 x «(x)| 2 ^ d z ip(x,u(x)) dx 

< P' ]Z +-^ j_ x Z\{*) (l + e 2 \d x u(x)\ 2 ^) dx , 



that is, 



n>^ (l + £ 2 |3.,«(x)| 2 ) d z ip(x,u(x)) dx 



7 jj(l + e i /.f,W|3»«(i)| J di 
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We now infer from Lemma [3.21 Lemma [3.11 ( 13.21 1, and the non-positivity of l,\U that 



V 
1 



n(«) 



(p + l)(p + 2) p + 1 7_i 



£i w dx 



>- 



>- 



4p 



-l 
1 £ 



£i \d x u\ dx 



(p + 1) 2 J-ll + U 
1 £l 



dx 



Pie 



dx 



(p + l)(p + 2) 
Fie 2 1 



1 

i/3 2 



J -i 1 + u + a u 2 /2 £p 2 4£ 2 

Finally, since y i — > (1 + 1 is convex and ||£x|| i 

c 2 



-1 



£i |3*«| 2 dx . 



get 



n > 



1 



Pie 



1 



4£ 2 

1, we use Jensen's inequality as in (71 and 

c2 



£p 1 + E a £p 2 4£ 2 
Inserting this estimate in d3.7b and using d3.6b give 



4/3 2 



1,1 \d x ii\ dx 



dE a 

-df-^ + a 



£i \d x u\ 2 dx 



< 



A(l - a) 



whence 

dE a 
dt 



A(l-a)e 2 
I/3 2 



Pie z p 



pe^ 
4^ ~ 4/T 



Ci |9x«| 2 dx < pi + 



A(l-a) 



Pie" 



p 4/3 1 + E a 



1- ■ ■ /$p 

At this point, the role of the additional parameter a becomes clear as it allows us to control the 
A-dependent term involving d x ii. We thus choose 

^•e 2 ,„ , A(l-a)e 2 

a =4£ 2 TA? e(0 ' 1) ' S ° that a = 
and obtain the following differential inequality for E a : 



4p 2 



dE a .- fr . 4A,6 

— < rvu) := pi + (4/32 + A£2)p 



Pie" 



p 4/5 1 + E.. ^ 

Since J 7 is an increasing function on ( — 1, 00), it readily follows from the non-positivity of E K and 
CH that, if T(0) < 0, then E a {t) < E„(0) < and d£ a (f)/dt < T(0) < for all t £ [0,7*). 
Integrating this differential inequality and using | |3.6| |, we conclude that —1 < J-(0)t for all 
f € [0, T*) and thus that < -1/^(0) < 00 as claimed. 

We are then left with showing that we can find parameters /5 > and p > 1 such that 
J-(0) < for A large enough. To this end we choose f> = \fx/1 > and p = 1 + 2pi£ 2 > 1 so 
thata = e 2 /(l + £ 2 ) and 



■F(O) < Pi 



1 1 + 2p!£ 2 



2y/X 



< 



1 + 2p l£ 2 

Va 



Therefore, if vA > 4pi (1 + £ 2 ), we have 

■F(0) < pi - 

and the proof of Theorem ll.2f ii) is complete. 



2(1 + £ 2 ) 



< 0, 



□ 
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4. Asymptotic Stability: Proof of Theorem 11.31 

Let q G (2, oo), e > 0, and kg (0, 1) be fixed. We first prove Theorem 1 1.3f i). Recall that, choos- 
ing a G (1/2-1/^,1/2) so that W^(I) ^ L q (l), PropositionOstates that g £ : S q (x) -> L ? (I) is 
analytic. Therefore, since the generator of the heat semigroup —A := —Aq G £(W^ D (J), Lq{I)) 
is invertible, we obtain that the mapping 

F : R x S,(jc) -> W| /D (J) , (A, p) i— > p — AA _1 g E (i>) 

is analytic with F(0, 0) = and D ZJ F(0, 0) = id W 2 . Now, the Implicit Function Theorem ensures 
the existence of S > and an analytic function 

[A^U A ]:[0,<S)^W£p(J) 

such that F(A, U\) = for A 6 [0,S). Denoting the solution to ( |1.4^ -( |l-5> with ii A instead of u 
by Y A G W|(n(U A )), the pair (!i A ,Y A ) is for each A G (0,3) the unique steady-state to (fTTTt - 
J1.5I with !i A in So(k) and Uo = 0. Since LJ A is convex and satisfies the Dirichlet conditions 
ii A (±l) = we clearly have IF A < for A G (0, S). That IT A is even follows from uniqueness and 
ll2Tl Thm.l]. This proves Theorem 11 .31 (i). 

To prove part (ii) of Theorem ll.3l we use the Principle of Linearized Stability. For this, we fix 
A £ (0, 6) and introduce the linearization of g E , 

B A := \D vgE (U A ) G C(Wl D (I) r L q (I)) . 

Since \\Ba\\c(w 2 d (i) L^i)) ^ as A ^ 0, it follows from |3 I.Cor.1.4.3] that —A — B A is the 

generator of an analytic semigroup on Lq(I) and there is CO\ > such that the complex half 
plane [Rez > —co\] belongs to the resolvent set of —A — B A provided that A is sufficiently small. 
Now write v = u — !i A and consider the linearization of J2,32| |, 

v + (A + B A )v = G A (v) , t>0, v(0) = v°, (4.1) 

where G A G C 2 (0 A ,Lq(I)) is defined on some open zero neighborhood O a in W^ D (I) such that 
LT A + O a C S q (K) and given by 

G x (v) := -A(£ £ (LI A + v) — ge(U\) - D v g E (U A )v) . 

Since — (A + B A ) is the generator of an analytic semigroup on Lq(I) with a negative spectral 
bound as observed above, we may apply l23l Thm.9.1.1] and conclude statement (ii) of Theo- 
rem [L3] by making 5 > smaller, if necessary. 

A straightforward consequence of l ll.8|l and J2.291 is: 
Corollary 4.1. Under the assumptions ofTheorem \1.3U i) there is R\ > such that 
\\<Pu(t) -fc/Jw*(n) ^ Rie- Wot \\u - UaIIwJdCD > f ^ °- 
zf/zere z's defined in Proposition \2.1\ 

5. Small Aspect Ratio Limit: Proof of Theorem II. 41 

We shall now prove Theorem 11.41 Fix A > 0, q G (2, 00), k g (0,1), and let u° G Sq(x) with 
m°(x) < for x G I. For e > we denote the unique solution to (LTj -| [L5) by (u e ,ip e ) which 
is defined on the maximal interval of existence [0, Tf n ). In the following, (Ki)i>\ and K denote 
positive constants depending only on q and k, but not on e > sufficiently small. 
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Set Kg := k/ (2M) < k, where M > 1 is the constant defined in fl2.34t . Owing to the continuity 
properties of w £ , we have 

t £ := sup{f 6 [0,T E m ) : k £ (s) 6 S,(k ) for all se[0,t]}>0. (5.1) 

Thanks to the continuity of the embedding of W^(I) in W^Z), there is a positive constant K\ 
such that, for all £ > 0, 

-l + Ko<u e (t,x)<0, (t,x) G [0,t e ] x [-1,1], (5.2) 

\\Mt)\\w^i) + WMt)\\wUi)- Kl ' ( 5 - 3 ) 

As a consequence of (|5.3l l there is £q > depending only ^ and k such that 



4 l|a*«e(0llL(D^' (U) G [0,T £ ]x (0,£ ]. 
For e G (0,£o), we set 

<Pe(t) := <p uS) = lpe(t) ° T u e \t) ' t(E 
with n\ given by H2.2b and 

4> 6 (t,x,7) := <p t (t,x,rj) — t] , (f,x,7/) G [0,t £ ] xQ. 

The cornerstone of the proof of Theorem 11.41 is to derive appropriate estimates on O f , showing 
that it converges to zero as e — » 0. To this end, we further develop and improve the analysis 
performed in [21 , Section 3] and establish the following bounds: 

Lemma 5.1. There exists a positive constant K 2 such that, for e G (0, £0) and t G [0, T £ ], 

''1^(011^(0) + II WO |, L; 



(5.4) 



II WO Hi 



WO 



l 2 (o) 



Il 2 (o) 1- - 

-113*37*8(011^(0) + ^ 
1 

Proof. Fix £ G (0,£ ) and t G [0,t £ ]. It first follows from d2~4lT > that 

ll^(0ll M O)<l' 
while \5.2\ and (|5.3l l entail that the function 



<K 2 , 
< K Z , 



3i,* e (*/-/l)|| w i/2m < K 2- 



(5.5) 
(5.6) 
(5.7) 

(5.8) 



f e {t,x,n) := f Ue(t) {x,t]) =e 2 n 
satisfies 



1 + u t 



1 + u e 



(t,x), (t,x,n) G [0,t £ ] x Q, 



ll/e(OII 



LJO) 



<£ Z 



ll 3 *"e(0lli„m l|3xWe(0llL D m + — 3|m 6 (0 



v () 



\ 4 K ° / 



Therefore, by Holder 's inequality, 



ll/ £ (0ll M n ) <2^ / ^ ||/ £ (0ll M n)<^3 



(5.9) 
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for p G [1, Cj] . From now on, the time f plays no particular role anymore and is thus omitted in 
the notation. We multiply (|2.22l l by O e , integrate over Q, and proceed as in |2T1 Lemma 11] to 
obtain 

2 



' / e (1 - 9,4» 8 ) d> £ d{x,rj) =e 2 \d x <tf t - V dr,®e 



+ 



\d,j<t> £ \ 2 



d x ll E 

. + U 

2 d ( X 'V) 



d(x,t]) 



In {i + u E y 

To estimate the right-hand side of the above identity from below, we use the elementary inequal- 
ity (r - s) 2 > (r 2 /2) - s 2 , <|5T2t . and to obtain 



/ n /e (l-3,Oe) * e d(x,J7)>| ||3.0 £ || 2 L2(n) - £ 2 ||a, M£ ||L W J n 

&(x,rj) 



\d,j^e\ 
(1 + We) 2 



d(x, rj) 



|3, ? $e| 2 

n (l + w £ ) 2 



e z 7 1 

>- l|3^ £ || L2( n) 



|3,,<1> £ | 2 



2 Al (1 + Me)" 



d(x,t]) 



2 

2 \\W\i 2 (n) + 2 HWlL 2 (n) • 
Next, thanks to 1 15.81 1, 05. 9t , and Holder's inequality we can estimate the left-hand side of the 



above inequality and obtain 

e 2 ll^ll£ 2 (n) + IK < Nli 2( n) ^ 2 HMIi*(n) II 1 - d iMi 2 (n) 

<2K 3 e 2 (1+113,^11^ 



£ liLoo(n) 



<2K^ + \ \\d^ E \\l (n) +2Kle\ 



(5.10) 



"7^ 8 llL 2 (n) 

whence 

e 2 l|a.v* £ || 2 L2( n) 

Since <& £ (x, 1) = for x £ J, we have H^Hr^Q) < \/2 ||9,y<E>e|| L , n \ and (|5.5b readily follows 
from this inequality and (|5.10t . 

We next establish H5.6I I. For that purpose, we set £ E := 9 2< J ) £ , co E := d x d^ E , and multiply 
112.31 1 by £ e . After integrating over O, we proceed as in [21. Lemma 11] with the help of IIT21 
Lem. 4.3.1.2 & 4.3.1.3] to deduce that 



n 



U (l-9,O e ) l E A{x, n ) 



n 



C 2 



(i + u E y 



CO E -T] 



d x U E 
l + u £ 



d(x,t]) 



Using once more the inequality (r — s) 2 > (r 2 /2) — s 2 and | |5.4| | to estimate the right-hand side 
of the above inequality from below, we find 

l2 



/ n /e (l-3,* e ) £ed(x /J? )> ^ 



>/ 


l 1 
s + 


_(l + « £ ) 2 


>/ 

Jn 


\l (1 + M £ ) 2 


4( 


iKel L 2 (n) + f 



2„2 



\d x ll E 



co; 



(1 + » £ ) 2 
d(x,rj) 



d(x,?/) 



,2 

li 2 (n) 
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Introducing Q £ := y llCelli^n) + £2 H^lli^n)' we infer from Holder's inequality, (5.9b , and the 
previous inequality that (recall that q > 2) 

Q'<2 ||/ e || Mn) P-^Wt^in) K'Kin) 



that is, 

( 1 + H 9 ^llv(,-a)(n))- ( 5 - n ) 

At this point, we infer from the Gagliardo-Nirenberg inequality Il25l and d5.10b ,that 



L 2 (n) + £2 ll£ellL 2 (n) 



<^" 4)/ ' 7 + * IK|| 2 2(n)+£ 2 ||^" 2 

Inserting this estimate in l!5.11l l leads us to 

Q £ < Ke 2 ( 1 + £ + eC*" 4 )'* Q 2/q ) < Ke 2 + Ke&-*>'1 Q 2/ <? 



<Xe 2 + - Q £ + K £ ( 3 '?- 4 ) / ('?-2) / 

whence 

Q E <Ke 2 (l+e'?^'?- 2 )) <Xe 2 , 

and the proof of d5.6t is complete. 

As a consequence of (5.5[l and d5.6ll , we have ||9^*1> £ || w 2 (o) — ^ £ anc * tne P ro P ert i es of the trace 
operator readily give (5.7) . see [12] Thm. 1.5.1.3]. □ 

A first consequence of Lemma 1531 is that t £ (and thus also T„) does not collapse to zero as 
£ — > 0, so that the solutions (u £ , i/%) £ £(o,e ) to (1.1 ) - (1.5) have a common interval of existence. 

Lemma 5.2. (i) There is r > depending only on q, A, and k suc/j fttflt r £ > r for all e £ (0,£o). 
(ii) There is A := A(k) > such that r £ = T^ = oo for all e £ (0,£q) provided A £ (0, A). 

Proof. Owing to d5.2b . (5.3b and (5.7) . we may argue as at the end of the proof of Proposition 12.11 
to conclude that, fixing 2cr £ (1/2 - 1/ q, 1/2), there is K 5 > such that 

(0)11^(7) <^5, fe[0,T £ ]. (5.12) 

As in the proof of (238) and (2.40) , we infer from (2.34) . (5.121 , the fact that w° e S 9 (k), and the 
Variation-of-Constant formula that, for t £ [0, T £ ], 

IlKeWllw^d) ^ M ll"°ll^, D (0 + AM f Q e ~ U{ *~ 9) (f-sf-HCH) ||^( U£ (s))|| wrD(J) ds 

M 

<— + AMX 5 J(t), (5.13) 
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and, using in addition the embedding of W? D (J) in Loo (I) with constant 2, 



K(0I 



M-0 



<1 -k + 2A 



^ s)A g £ (« E ( S )) 



ds 



<1- K + 2AM jf e —( f - s ) (t-sy^-KH) || ft (u e (s))||^ (I) ds 

<l-K + 2AMJC 5 I(f) , (5.14) 

where X(f) is defined in |Z37|. Since 1(f) as f ^ 0, there exists t > which depends only 
on q and k such that 



~-/ s 1 , s (2M- 1)k , r „ , 

J W<A^ md WkT f ° ra11 tE[ °' T] 



(5.15) 



Thanks to this choice, we readily deduce from (|5.13t and ||5.14| | that || M e (t) || W 2 ^ < 1/kq and 

u £ (t) < 1 - kq for all t e [0,t] n [0,t £ ]. In other words, u £ (t) e S q {K ) for all t e [0,t] n [0,t £ ] 
and the definition of T £ implies that t £ > t. Finally, setting 

. , , . f 1 (2M-1)k 1 

A(k) := mm < — — r , — ^ — — r ; , 

V ; \ kK 5 J(oo) ' 4M 2 K 5 X(oo) J 

and taking A 6 (0,A(k)), it follows that J5.15II holds for any r > which entails that t £ > t for 
any t > 0. □ 

Proof of Theorem 11.41 A straightforward consequence of 115.71 1 and the continuous embedding 
of W 2 1/2 (Z) in L lq {l) is that 



lim sup \d v (p e {t,-,l)\ -1 



£->0 



fe[0/r] 



Ui) 



0. 



Since 



d t u E -dlu E = -Ag £ (n £ (t)), xel, f 6 [0,t], 



(5.16) 



(5.17) 



with g £ defined in Proposition 12.11 and T in Lemma 15.21 it readily follows from 115.21 1, d5 -3b , 
Lemma |5T] and the continuous embedding of W^ 2 ^) in L>2q(I) that, for f 6 [0, t], 

,2 



|3fM E (t)llL,(I) ^ 3 *"*(*) 



1,(1) 



A 



l + £ 2 |8. r K £ (t)| i 



p,,<? £ (f,-,l)l 



Ml) 



1-2,(1) 



9AX , „9 



in 



< K(l + A). 



Consequently, the family (wE) £6 (o, eo ) is bounded in C 1 ([0, t], Lq(I)) n C([0, t], W 2 (Z)) and thus, 
given 6 ((q + l)/2q,l), we may extract a sequence (£/ c )/ c >i of positive real numbers, £j- — > 0, 
such that 

u ek ^u in C^QO^WfOO) (5.18) 

for some function u £ C 1-9 ([0,t], W 2e (J)). Since 9 > (q + l)/2q, we deduce from | |5.18> and 
the continuous embedding of W? e (J) in W^(J) that 



u in C([0,t],V<(Z)). 



(5.19) 
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A first consequence of | |5.2| | and d5.19l l is that -1 + k < u (t, x) < for all (t, x) E [0, t] x [-1, 1]. 
Next, combining d5.16l l and (|5.19t ensures that 

faKW) - '{;' + ( ^";" >2 K-M'-DI 2 -> (pp^yy in C([0, T ],L, (I )). 

Recalling ( 15.171 1, classical stability properties of the linear heat equation entails that Uq is a solu- 
tion to the small aspect ratio equation il.71 and it is clearly the unique solution to fll.7t which 
belongs to S^Ko) for all t E [0, t]. This implies in particular that not only a subsequence but 
the whole family (u E ) £ e(o,£ ) converges towards ur, in C 1_9 ([0,t], W^ e (I)), 6 E (0,1), as e — > 0. 
Finally, the remaining assertion l ll.9|l follows easily from Lemma [5. II as shown in the proof of [21, 
Thm. 2]. This completes the proof of Theorem II. 41 □ 
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